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Abstract—The motion of a viscous fluid through an anisotropic non-rigid porous solid is studied. The porous
solid considered in this study is a solid medium invelving a very dense and fine network of tubules, whose dia-
meter is much smaller than the characteristic length of the flow system. Kinematically, such a medium should
behave like a continuum, i.e. the state of deformation can be well described macroscopically. Dynamically,
this type of medium has to be distinguished from the true solid continuum, because one additional body force
in addition to its weight (the surface traction exerted by the viscous fluid moving through it) has to be considered
in the deformation of the porous solid. Their own weight is the only body force in a true solid continuum. The
equations governing the macroscopic motion of the viscous fluid fiow through the porous medium of this type
are derived by averaging the motion of the fluid through individual elements of pores over a small volume of the
porous medium. The physics of the derived equations and the possible applications to the blood flow in the
network of capillary blood vessels and to the motion of extracellular fluid through the network of interstitial
space are discussed.
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radius of tubules composing the pore network
absorbed fluid content in the solid

pore matrix function

density of the net stress force

gravitational acceleration

weighting tensor

idemfactor

scalar permeability

permeability tensor

weighting tensor in effective stress in the solid
unit normal vector of an area element
differential solid angle element about #
hemispherical number density of pores
pressure
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S stress tensor for the solid constituent

! time

t stress

T material volume associated with the solid constituent

Toon solid (fluid) portion of T

U axial component of the fluid velocity in a tubule composing the pore network
U, average value of U over the cross section of the tubule

v velocity

\7 microscopic value of the fluid velocity

X position vector

d radius of the small spherical volume «

/ correction factor for branching and joining low

u shear viscosity of the fluid

P density

sor density tensor

g surface area of small spherical volume

z surface area of the material volume associated with the solid constituent
X A(Z)) solid (fluid) portion of

do differential area element

T small spherical volume over which the microscopic value is averaged

dr differential volume element

o volume fraction of the fluid occupying the void space of the pore network
0. €2, unit vector designating the orientation in space

;. Q) solid angle about A . (D)
dw. dQ differential solid angle element

partial time derivative holding the position in space fixed

ot

B partial time derivative holding the material surface associated with the solid constituent fixed
1

\% gradient operator

v? Laplace operator

dot product
: double-dot product
04Q/) 0 of solid (fluid) or solid (fluid) portion of Q
Qo constant value of Q.

1. INTRODUCTION

AN EQUATION governing the macroscopic motion of a fluid through an isotropic rigid
porous medium was formulated a long time ago by Darcy [1] on empirical basis, and is
known as Darcy’s law:

, K ,
Vpp = T (V<p> —p,g) (n

where (v,> is the macroscopic velocity of the fluid, p, is the density of the fluid, u is the
shear viscosity of the fluid, {(p) is the macroscopic fluid pressure, g is the gravitational
acceleration, V is the gradient operator and K is a constant called the permeability of
the porous medium. This equation applies to the slow motion of a fluid through an iso-
tropic porous solid, in which the distribution of the pore density has no preferred direction.
For an anisotropic medium, such as a layered material, it has been suggested that K
be regarded as a symmetric tensor, called the permeability tensor [2 p. 88].

The present writers are concerned with the extension of the porous media theory to
deal with the problem of fluid motion in animal tissues. Many tissues are composed of
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cells which are separated by interstitial spaces filled with extracellular fluid. In some
organs these interstitial spaces form a multi-channeled network which plays an inter-
mediary role in the exchange of fluids, gases and ions between blood and cells [3]. As the
tissue cells are deformable, the medium may be considered as a deformable porous medium.
The concept of the flow through a deformable porous solid may also be useful to des-
cribe the motion of blood through a network of capillary blood vessels in muscle tissues.

In this study, we will limit our discussions to a specific type of porous solid; a solid
medium which involves a very dense and fine network of tubules whose diameter is much
smaller than the characteristic length of the flow system. It should be mentioned that
the region occupied by the solid medium of this type material is a connected region and,
consequently, it should behave like an ordinary solid continuum as far as the kinematics
of deformation is concerned. Since the diameter of the tubules forming the pore net-
work is supposedly very small, we assume that the macroscopic deformation of the medium
is well defined everywhere. For example, we can prepare a solid continuum which has
the same local deformation as the porous medium under consideration. If we carry out
the stress-strain test of this porous medium in a vacuum chamber, we should be able to
find the constitutive relation of this material. Such relation must represent the material
property of the porous solid and enable us to find the state of deformation under the
known state of loading and vice versa provided the pores remain void.

In this study, we assume that the constitutive relation of the porous medium under
consideration is known and that we can treat the dynamics of the deformation of the
non-rigid porous solid as a continuum by including an additional body force, the surface
traction exerted by the viscous fluid moving through the tubules, in the equilibrium
equation. One may question the value of any further analysis when the coustitutive equa-
tion of the porous solid is known. For a deformable porous solid, the motion of the viscous
fluid through it causes the deformation of medium, which changes the pore distribution
and the diameter of the pore tubules. As a consequence, the deformation of the porous
solid changes the fluid flow through it. In other words, the motion of the fluid and the
porous solid are coupled together. The target of our study is to investigate the mechanism
of the coupling of the motion of two constituents. The assumption that the constitutive
equation of the porous solid is known is rather a practical one, because we can test a
segment of tissue under normal state and isolate the material property (constitutive equa-
tion) of the porous solid by using the known coupling mechanism {which we are going
to study). Then, we can analyze all possible state of tissue based on this information.
As it will be shown, the material property of the porous solid appears in the equilibrium
equation in an intact form. This is so because the porous solid occupies a connected region.
In case of a porous medium composed of a fluid and many solid particles, the above
feature is completely lacking because neither constituent is providing an intact bed for
the motion of the remaining constituent,

In the literature [4-9] the compressibility of the fluid and the elasticity of the porous
medium has been accounted for in the equation of continuity. Biot [10], Truesdell {11],
Green and Naghdi [12, 13] and others have introduced generalized theories of mixtures
and derived general equations of motion and constitutive equations. It is intuitively
clear that the premeability of a porous medium is a function of the detailed structures of
pores. Consequently, information on the detailed structure of pore is required for a
theoretical determination of permeability. In general, an explicit description of the pore
structure is rather difficult. In the present paper, we consider a special kind of porous
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medium: (1) a connected solid medium having numerous circular cylindrical tubules of
locally identical diameters; (2) the length of the individual segment of tubules is signi-
ficantly larger than its radius; (3) the diameter of tubules is much smaller than the charac-
teristic length of system ; (4) the motion of the fluid relative to the porous solid is so slow
that the inertia force due to the convection associated with the relative motion 1s negh-
gible. Throughout this study, we use simply the ““porous solid™ for this specific medium
unless otherwise mentioned.

In order to describe the pore distribution in the porous solid, we introduce the “pore
matrix function” which is defined as the number of tubules per unit area of a plane per
unit solid angle about the normal vector to the plane under consideration. The gener-
alization of Darcy’s law, the equation of continuity, and the macroscopic equations of
motion of the porous solid are derived with respect to this pore matrix function. Qur
theory is more general and more realistic than some existing theories such as the parallel
and serial type of straight capillary model by Scheidegger [14]. On the other hand, our
study is less specific than the network model of Fatt [19] because we derive only a general
form of the permeability tensor having an undetermined parameter. Qur object is to derive
specific relations between the physical characteristics of the constituents of the system
and the physics of the flow in terms of the pore matrix function. A method parallel to this
can be readily applied to pores of different gecometry.

2. FORMULATION OF THE STATISTICAL EQUATION OF MOTION
OF THE FLUID

The porous solid under consideration is a connected medium (like swiss cheese) having
a fine pore network of tubules, whose diameter is much smaller than the characteristic
length of the system. The characteristic length in this case should be the length associated
with the change of the macroscopic velocity of the porous solid v,, which we designate
by L. If we define v, as the velocity of a solid continuum which undergoes the same de-
formation as the porous solid, then the true velocity of the porous solid is equal
to [v,+0{a/L)], where a designates the radius of the tubules forming the pore network.
Since a/L is assumed negligibly small, v, literally represents the motion of the solid medium
of the porous solid under consideration. In other words, we can represent the macro-
scopic motion of the porous solid by v, and then the true motion of the solid medium in
the porous solid differs from v, only by an order of magnitude of a/L, which is negligibly
small.

It is convenient to represent the velocity of the fluid moving through individual tubules
of the pore network as the sum of v, and the velocity of the fluid relative to the porous
solid :

where v, is the macroscopic velocity of the porous solid whose space derivatives of various
order are continuous, while V is the fluid velocity relative to the solid medium in a given
tubule under observation. The macroscopic velocity of the fluid is equal to

v, = v+ <V, 3

where (Q) designates the space averaged value of Q over small volume in space. whose
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dimension is much greater than g, but is much smaller than L. The equation of motion
of a Newtonian fluid is the Navier-Stokes equation [15]:

0V
pf(i_JrV VV) = pg—Vp+uv?V, (4)

where p, is the density of the fluid, ¢ is the time, V is the velocity of the fluid, g is the body
force per unit mass, p is the pressure in the fluid, p is the shear viscosity of the fluid and
V is the gradient operator. Since we assumed that g is very small, the resistance to the fluid
flow has to be very large. Consequently, the magnitude of V, has to be very small and
the inertia force due to the time rate of change of V, can be neglected Thus, we replace V
of the Lh.s. of (4) by v,. The characteristic length L is defined in connection with the space
variation of v, and, consequently, the order of magnitude of Vv, is equal to 1/L*. The order
of magnitude of V2V, is equal to 1/a?. Since a is much smaller than L, we find that V2v;
is negligible compared to V?V,. Thus, we can replace V of the rhs. of (4) by V. By doing
so, we can write (4) as follows:

pf%vf= p8—Vp+uviv,, )
where the inertia force term due to the convective acceleration of the porous solid medium
is neglected because it remains very small in most cases.

Now, let us introduce a “pore mairix function” f(x, ) to describe the structure of the
network of pores. This function should describe the number density and the orientation
of the pores. We define f(x, Q) statistically as the number of the pores per unit area per
unit solid angle about an axis parallel to a unit vector ) on a plane normal to Q at 4 point
x in space. It follows from this definition that the number of pores which are oriented
within a smali solid angle dQ about Q and passing through a small element of area AS
normal to a unit vector @ is equal to

AN(x, Q,0) = [ f(x, Q. d dQJAS. (6)

The total number of pores per unit area passing through an element area with unit normal
vector ¢ can be obtained by integrating equation {6) over a hemispherical solid angle
about &

2n

N, 6) = f Fx 00 6 dO. 0

o=0

where Q is the solid angle about &. We may call N(x,®) the “hemispherical number
density on the & plane at x. For a point where a number of pores meet or branch, we
should interpret f (x,€) as the pore matrix function associated with a hypothetical pore
distribution which describes an equivalent passage of the fluid.

If we assume that the cross section of the pores are much smaller than the length of each
segment of the pores, then, V, in a pore in the direction of Q is more or less parallel to O
and, consequently, only the Q—component of equation (5) need to be considered for the fluid
movement through this pore. We write the Q-component of the equation (5) in the following
form:

ov, A A A A A
pf(aj— ).QQ = —Vp.QQ+uVUQX, ®)
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where U(Q) designates the magnitude of the velocity of the fluid moving through the pore
with direction Q. If the flow of the fluid in the pore is Poiseuillean, then we have VIU(Q) =
—8U(Q)/a*; in which U,(Q) represents the magnitude of the average velocity of the
flow over the cross section of the pore and a is the radius of the pore. If the cross section
of the pore is not a circle, then a should be interpreted as the hydraulic radius. Since cach
segment of pores forming the pore network has a finite length, the entry and exit effect
must be considered. Therefore, we introduce a parameter A associated with the entry
and exit effect as follows:

V2UQ) :.z[-8-U;§Q-) : )

The value of 4 should be a function of the geometry of the branching or joining of the
different pores. Although some simple cases of branching flow (see Benner et al. [16] and
Rose and Witherspoon [17]) and end effects (see Lew and Fung [18]) have been investi-
gated, a general solution of the branching and joining flow is not available. Fortunately,
the formulation of the governing equations of the macroscopic motion can be accomplished
without introducing a specific information about . This is a rather fortunate circumstance
because 4 can be quite complex. In the following analysis, we assume that 4 and a are
indepe=rlent of Q. Substitution of (9) into (8) yields the equation

UgQ = —p,|<—g].
ol€) Pricar 8Au 8iu

A 2 . 2.
v ) 2 A0-vp. L o, (10)

The macroscopic value of the velocity of the fluid relative to the porous solid should
be defined as:

(VX)) = i f Uy @)Q dr, (11

where 7 is a small spherical volume in space, which is chosen in such a way that the radius
of t is much smaller than the characteristic length of the system so that the change of the
macroscopic variable within t can be neglected ; but it is much greater than the dimensions
of the pore network (the pore diameter or the inter-pore distance) so that the averaged
value over t represents the macroscopic value, and 7, is the portion of 7 occupied by the
fluid which fills the void space of the tubules forming the pore network. Substitution of
(10) into (11) vields the following equation:

at 1 [ aa v,
(ViAx) = —[ - Qth] 'Pf(a?““g)

Bui ., ¢
o | vp.00a (12)

The integral over 7, can be replaced by an integral over 1 by studying Fig. |. Let us
designate the radius of the spherical volume ¢ by 6. The number of pores with direction
vector ) passing through a vector area element 3*dw is equal to [f(x, QQ.H]6* dw.
The volume of the void space of a tubules within the spherical volume t is equal to
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F1G. 1. Geometry of a small spherical volume over which the microscopic value is averaged to obtain the
macroscopic value.

21a23Q) . &. Therefore, we find the following relation :

f 0x,Q)dr = %{253 fﬁ [ f - na2Q(x, ) f (x, Q)(Q . d)* dn] dw}, (13)

Qs=0
where the factor { is introduced in correspondence with the fact that each pore is counted

twice in the integral over the whole solid angle = 4. The distribution of f(x, Q) in Q
has to be point symmetric. Therefore, we can write (13) as:

A 53 A A nA
J 0x,Q)dr = 7[§ nlo] dw] : [#; na*Q(x, Q) f (x, Q)QQ dQ] . (14)

It can be easily shown that §&d&® dw = (4n/3).¢ ; where # designates the idemfactor.
Thus, (14) becomes

f O(x, Q) dr = %(j;nalQ(x, O) f(x, ) dQ. (15)
2
By using the above relation, we can write (12) in the following form:
na* Aoaa v,
VA0 = — [ o b 00 dfz] . {pf(yt—g) +V<p>} : (16)

where V{p) is the averaged value of the pressure gradient of the fluid over the solid angle,
which is

vip>. fﬁ f(x, Q00 dQ = §(Vp) f(x,9Q). 00 dQ. (17)

One may question the above definition of the average pressure which differs from the simple
space averaged value of the pressure. In this case, the pressure depends on the position
as well as on the direction of the axis of the tubule. In other words, p is function of x and €
and it differs from conventional pressure which does not depend on the direction. As a
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consequence, we have to take the average value of a vector quantity generated from the
pressure data instead of the pressure itself, which is a scalar quantity.
We may write (16) in the following form :

i
)

41 fov, i
Vyp) = T [m‘ﬁ—g) +V{p> ) (8

where # is the permeability tensor
nat [ s

Equation (18) is the generalized Darcy’s law, in which the permeability tensor is explicitly
expressed in terms of the pore matrix function f(x, Q). We note that £ is indeed a 2nd
rank symmetric tensor as Aronofsky suggested [2].

Next, let us consider the equation of the conservation of the mass of the fluid in an
arbitrary large material volume Tof the porous medium. Since the volume element of the
system under consideration is composed of the porous solid and the fluid moving in it.
the concept of the material volume needs some explanation. If we dye a volume element
of the system at a certain moment, the dyed portion of the fiuid will leave the dyed portion
of the solid as time lapses. Since the diameter of the pore is supposed very small, the dyed
portion of the solid can be regarded as a conventional material volume of a solid con-
tinuum in a statistical sense. We define T as such hypothetical volume with smooth
surface X, which deforms and moves with the porous solid. The flux of the fluid leaving T
through a differential area element do on X can be written in two different ways (see

Fig. )

2r -
[f na’f(x, QU,Q . 7AdQ |da, (20a)
Qz=0 -
or
2n R R
[— f a2 f(x, YU, Q . (— ) dQ} do, (20b)
Q=0

where 7 is the outward unit normal vector on do, and Q, and Q_;, are the solid angles
about # and (—#), respectively. By using (20a) and (20b), we can express the flux of the
fluid leaving T through do as

[lf};na%f(x, OU,Q dO ] i do. 21
2 Q .

According to (15), this is equal to
{V,».hda. (22)

The surface integral of this flux over the closed surface X is equal to the time rate of de-
crease of the fluid mass contained in 7.

d

_ﬁf p,dt = fﬁ (V)  fdo, (23)
dr Jy, s
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where T} is the fluid portion of T'and d/dr designate the partial time derivative holding
the surface T of the material volume fixed. Equation (23) can be written as

d
——«f pp,dt = § p V> . Ada, (24)
T x

dt
where ¢ is the fluid volume concentration (= porosity). After interchanging the order of
the partial time differentiation and the volume integral on the Lh.s. of (24) by using the
Reynolds transport theorem, and transforming the closed surface integral of the rhs.
of (24) into a volume integral by using the divergence theorem, we obtain the following
equation of conservation of mass for an incompressible fluid:

2

%”W.((pvs) =~V (V) (25)

Equation (18) and (25) are the equations which govern the motion of the fluid through

the porous solid. They involve field variables associated with the fluid as well as those of
the porous solid. If the porous solid is rigid, then ¢ and v, should be known when the
problem is specified. Consequently, equations (18) and (25) supply four equations which
involve four unknowns, namely, {(p> and the three components of (V). Therefore, the
motion of the fluid through a rigid porous solid is completely determined by equations (18)
and (25). In case of non-rigid porous solid, the motion of fluid and that of the porous solid
are coupled.

3. FORMULATION OF THE STATISTICAL EQUATION OF MOTION OF THE
NON-RIGID POROUS SOLID

If the porous solid is not rigid, the pore matrix function and the cross sections of the
pores change as the solid deforms. Consequently, equations (18) and (25) alone are in-
sufficient to determine the fluid motion : not only because the motion of the fluid and solid
interact, but also because the permeability tensor is dependent on the state of the porous
solid. Therefore, we have to determine the motion of the solid and the fluid at the same
time.

In order to derive the equations governing the motion of the porous solid, we consider
the equation of motion of the solid mass enclosed in an arbitrary material volume T
with surface Z, which was defined in the previous section. Let us designate the solid portion
and the fluid portion of Tand Z by T; and T;, and Z, and X ,, respectively. The equation of
motion of the solid mass within T can be written as

d
-~J pV dt = f pgdr+ J‘ t,do+ ftf do, (26)
diJy, T, s

s

where p; is the density of the solid, of which the porous solid is made, v, is the velocity
of the solid associated with the macroscopic motion of the porous solid, g is the body
force per unit mass and d/dr designates the partial time derivation holding the material
surface X fixed, and S is the surface composed of the solid-fluid interface on the wall of
the tubules within 7. The Lh.s. of (26) is the inertia force of the solid mass within 7. The
first term in the r.h.s. is the body force due to the earth’s gravity, the second term is the
surface traction on X, due to the stress distribution within the solid medium and the
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last term is the surface traction exerted on the solid mass within T by the fluid moving
through it.

The surface traction acting on the solid—fluid interface has two different origins:
the viscous force and the pressure force exerted by the fluid. We find from (Y) that the
frictional surface traction exerted by the fluid moving through a tubule of direction Q
over unit length of that tubule is equal to

8l ofx, QK. 27

The total frictional surface traction exerted on the solid mass within a small spherical
volume 7t of Fig. 1 can be found by the integral of (27) over all tubules within 7, which
becomes [see the derivation of {13)]

| v dt2six 040 28

a®

By comparing (28) with (15) after dividing (28) by 1, we find the following equation for the
frictional surface traction per unit volume in space:

Bui
folx) = 5V, (29)

4]

The net pressure force exerted on the wall of a tubule of direction Q over unit length of
the tubule is equal to

in
f Ppadf = nap g (S —~QQ) (30)

0

where # is the outward unit normal vector on the wall of the tubule and 6 is the angle
measured about the axis of the tubule. The total pressure force exerted on the solid mass
within small spherical volume ¢ can be easily found to be [see the derivation of (28) from

27)]

;f na’p,g . (F —QQ) f(Q)dQ. (31

From the above equation, we find the density of the surface traction due to the fluid
pressure as follows:

f, = opg (J—H) (32)

where ¢ is the fluid volume concentration, which is equal to [see (15)]

o= %#nazf(fl) do. (32a)
and
= ; §; a2 (OO dQ. (32b)

By adding (32) to (29), we find the equation for the secondary body force per unit volume
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created by the fluid in the porous medium as:

Bl
f, =%<V,>+¢p,g.(f—y). (33)
Now, the last term of the r.h.s. of (26) can be replaced by the volume integral of f, over T
8ud
f t,do = f {%(Vp%—@pfg.(fm}f)] dr. {34)
S T

The porous solid under consideration is a connected solid medium (like swiss cheese)
having a maze of numerous tubules whose diameter is much less than the characteristic
length associated with the macroscopic deformation of the porous solid. Consequently,
we assume the existence of the strain tensor which describes the macroscopic deformation
of the porous solid. Since the ratio of the pore radius a to the characteristic length of the
system L is supposed very small, the true deformation of the solid constituent should
differ from the macroscopic value by an order of a/L or smaller and, consequently, the
stress distribution has to be so. Therefore, we assume the existence of the macroscopic
stress tensor and a regular relation between the macroscopic stress tensor and the macro-
scopic strain tensor. As mentioned in the Introduction of this paper, such relation can
be found by doing stress-strain test of the porous medium in a vacuum. If we define the
stress tensor . within the solid constituent as a second rank tensor which describes the
average stress distribution within the solid constituent, then we have the relation

(AT, = (AT ). &, (35)

where # is the unit normal vector on AZ. If the perturbation of the stress distribution within
the porous solid due to the existence of the tubule can be neglected, then, .% is none other
than the stress tensor in a continuum out of which the porous solid is made.

Let us consider the net stress force acting on a small spherical volume t of Fig. 1.
According to the definition of the macroscopic stress tensor (35), the net force is equal to

f t,do = § [1—y¢(d)e . ¥ do, {36)
where & is the surface of the spherical volume 1, ¢, is the solid portion of o, Y(®) is the
fluid surface area ratio (= 1—Ao,/Ac), and & is the outward unit normal vector on a.
If the Taylor series expansion of & about the center of 7 is substituted into the r.h.s. of (36)
we have

b

§ (I —yi@)]. & do = {52§ {1 —()]o da)} . S(x)

+4? {§ [T~ D) dd dw} VX + ... (37

where x designates the position vector of the center of 7. The first term of the r.h.s. of (37)
vanishes when the integration is carried out, because the distribution of y(d) in @ has to
be point symmetric. We write (37) in the following form

{3
f ¢, do = 4“3" PR3 (38)

5
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where

3
Y = T dn 4) [T — (DY dew. O

By dividing (38) by the volume of 7] = (47/3)0°], we find the density of the net force due o
the stress in the solid

f. = ¥: V. {39)

This enables us to replace the second term of the r.h.s. of (26) by a volume integral of {.
over T A

J t,do = f VY dr {4y
%, T

When (33) and (40) are substituted into (26) and the volume integral over 1. is replaced
by the equivalent volume integral over T, the following equation results :

d

a{f (I ~p)py,dt = f {[(1 ~P)ped +op I —A)). g+~'—~— (V >+ } dr. (41
T Jr

which implies that

¢
{'}_} [( ] — (P)/)svs] + V . [( l - (p)/)svsvs;}

. , , 8l .,
= (1= @py¥ +op I —H)]. g+~£—2~<vf> LYV (42)

Now. let us consider the equation of the conservation of the solid mass in 7, which is

~

d dr =0 or d (1—plp,dr =0 (43
— | pdt = — - =
dtJTsls or = L Plp, dr . (43)

which implies that

[(1 —) Pc]JFV [ "P)psvs] = 0. (44)

=~
)‘\)

This equation of the conservation of the solid mass enable us to simplify the equation of
momentum of the porous solid (42) as follows:

N
v

ov, , ud .
(1 ~<p)psﬁ+(1 —@lpy, - Vv = [(1—p)p I +p(F — H)]. g+~-a%<‘vf>+ VY (45)

As mentioned earlier, the second term: of the Lh.s. of the above equation may be neglected
because this term generally remains small.

Equations (18), (25), (44) and (45) are the equations governing the moticn of a viscous
fluid in an anisotropic non-rigid porous medium. Eight unknown quantities of the flow
field are invelved in this set of eight equations, which are (p), ¢ and the components of
(V> and v,. If the solid medium constituting the porous solid is compressible, then we
have to add the equation of state of the solid to the governing equations and the density p,
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to the field variables. In order to solve this set of governing equations, the material pro-
perties involved in these equations have to be provided, namely, those for £, # and ..
Here, we suppose that u, p 1+ ps and ¥ are known, which are the material properties of
the constituents. Since the equation for # and # are given by (9) and (32b) in terms of the
pore matrix function, respectively, we derive the constitutive equation for % in terms of
the pore matrix function in the following section.

4. THE CONSTITUTIVE EQUATION FOR ¥

In order to derive the constitutive equation for &, which is defined by (38a), we have
to find first the relation between the surface area ratio y{#) and the pore matrix function
f(€)). Let us first find the area ratio resulting from the tubules oriented in direction €.
The number of tubules of direction vector Q per unit surface area of normal vector 4 is
equal to Q.r‘zf’(x, f)). The area of intersection of a tubule and the surface under con-
sideration is equal to naz/ﬁ . provided Q.7 # 0. Consequently, the surface area ratio
contributed by the tubules of direction Q is equal to

dy(f) = na’f(x,Q), for A #Q. (46)

The total surface area ratio can be found by integrating the r.h.s. of (46) over the hemi-
spherical solid angle about A. Since f(x, Q) has point symmetric distribution in Q, the
surface area ratio (A) can be written as

Y(h) = %naz 39 fx, Q) dQ. (47)

According to (15), the r.h.s. of (52) is equal to the porosity. Thus, we have
Y(h) = o. (48)

In deriving the above result, we included the tubules of direction perpendicular to #, when
the integral of the r.h.s. of (47) is carried out. This can be justified by considering the follow-
ing case. Let us consider a porous medium having numerous parallel tubules only in
direction £ (see Fig. 2). If we designate the number density of these tubules on the plane
x = const. by N, the surface area ratio on this plane is equal to na®N, which is none other
than the porosity. The surface area ratio on a plane of y = const. is given by the equation
(see Fig. 2)

wo) = 2N [ -y )

which is equal to

W) = 2Na2f sin? 0 df = Nna>. (50)

0

This proves that (%) = Y(9) = ¢, and consequently, the validity of (48) is proved.
Substitution of (50) into (38a) yields the following constitutive equation for ¥

& =(1-9)s. (51)
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FiG. 2. Geometry of 2 cross section of the porous medium having tubules oriented in v-direction only.

This theoretically completes the derivation of the constitutive equations for the
material properties of the porous medium, which depend only on the structures of pores.
In case of a non-rigid porous media, the fluid volume ratio may change due to the change
of the pore radius or the change of the pore matrix function. The description of the struc-
ture of the porous medium under consideration can be done by any combination of two
out of the three variables; ¢. a. £(Q). Since a is not a macroscopic variable, we prefer to
use ¢ and f(Q) as the state variables of the structure of the porous medium. From (32a;.
we find that

2 (;2/@)(/’

SR A (521
§1(x, Q) dQ ‘
By using the above equation, we can replace ¢ appearing in the equations governing the

motion of the system.

In general, it is rather difficult to solve the set of governing equations derived in the
previous sections. One of the sources of the difficulties is the change of the pore matrix
function f(x, Q) as the porous solid undergoes a deformation, which causes the change
of the material properties such as 4, # and .. However, there are certain kinds of porous
media involved in the biological system, which seldom undergo large macroscopic de-
formation while the change of internal structure is significant. 1In such cases, the change
of the pore matrix function due to the reorientation of medium can be neglected. but
the significant change of the fluid volume concentration is possible due to the change
of the pore radius.

5. APPLICATION TO POROUS MEDIA IN THE BIOLOGICAL SYSTEM

Let us consider how those results of the previous sections can be applied to the fluid
movement in tissues of a living animal. As we mentioned, the change of pore matrix func-
tion due to the change of orientation in such a system can be neglected, because it seldom
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undergoes large macroscopic deformation, but the radius of the pore can vary significantly
because of the swelling or shrinking of the tissue cells. We introduce the swelling (or
shrinking) of the solid constituent of the porous medium as an additional property. We
assume that the solid can absorb fluid, but the macroscopic motion of the fluid can take
place only through the tubular passage of pores. In other words, the fluid absorbed into
the solid are more or less frozen-in into the solid as far as the macroscopic motion of the
solid is concerned, but the fluid content in the solid indirectly affect the macroscopic
motion of the fiuid by changing the diameter of the tubules. For the sake of simplification,
we shall assume that the rate of absorption of the fluid by the solid is very small. We
further assume that the system undergoes such an infinitesimal macroscopic deformation
that any change of the pore matrix function can be ignored and that all terms which are
products of two infinitesimal changes associated with the small macroscopic deformation
of the medium can be neglected.

Since the rate of absorption is supposedly very small, the rate of change of the pore
radius is also small. Consequently. the velocity profile in the tubules should not be affected
significantly. From equation (18) and (52) we find the following equation after neglecting
terms which are products of two or more infinitesimal changes:

0*, dvy "
(Vyp = “7{“50 . [l’f(gt*—g) +V<P>J7 (53)

where ¢ is the ratio of the volume of the tubules to that of the porous medium and 4,
is the permeability tensor

_ 1 $1900d0 5
* 7 4im (4 £ O (54)

Since ¢ is the volume occupied by the tubules in unit volume of the medium, (1 —¢)
is the volume occupied by the solid and the absorbed fluid in unit volume of the medium.
Let us introduce the fluid content C in the solid as the ratio of the volume of the absorbed
fluid to the total volume of the solid and the absorbed fluid. Then, the total volume of the
fluid per unit volume of the medium is equal to [+ (1 —¢)C] and the pure solid volume
per unit volume of the medium is (1 —¢)(1 —C).

It was assumed that the macroscopic motion of the fluid takes place only through the
tubular passage of pores and, consequently, the net inflow of the fluid per unit material
volume of the medium remain to be —V. (V). Therefore, the equation of conservation
of mass for the fluid can be obtained from equation (25) after replacing ¢ by ¢ +(1 —¢)C,

i
VAV + o+ (=9Il = ~ = [p+(1-9)C]. (55)

The equation of motion of the porous solid and trapped fluid in it can be found from
(45), (51) and (52) by replacing p, by [(1—-C)p,+Cp,] after substituting (53) into (45).
By doing so, we find

Ovg

m = g+olp S —@AH o). g—H . V(PI+(1—0)WV . &, (56)
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where
(=@ (1= Chp,+CpyL# +pp,Hy. (37,
_ $ /(00 d0 N
o = 1L
§ f(€)dQ

The equation of the conservation of mass for the solid can be found from (44) by re-
placing p, by (I - C)p,

P
&

[ (1 =) (1-C)p,]+ V. [(1—p)1—C)py,] = 0. (59)

4o and #, are material constants, which depend only on f (€). as can be seen clearly
from (54) and (58). If f Q) is given, then we can determine these matenal constants. How-
ever, in many cases it is difficult to directly determine f (Q) experimentally. Therefore, it
is most likely that these material constants would have to be determined by some ex-
perimental methods using one or more relations presented in this study. Once they are
known, equations (53). (55), (56) and (59) supply a set of eight equations which involve
nine unknowns; {p>, @, C and those components of <V,> and v,. To make the set of
equations complete, one more equation has to be supplied. It is obvious that this additional
equation should be the equation governing the fluid content C in the solid. Such an equa-
tion should not be derived on a simple basis of the mechanical equilibrium, because the
control of the fluid content in the tissue cell most likely involves more complicated physio-
logical process. Therefore, we end the present study in presenting the physical nature
of the problem by deriving a set of equations governing the fluid movement through the
non-rigid porous medium, which can be solved provided the equation of fluid content is
known or a certain change of the fluid content is assumed.

6. CONCLUSION

A set of equations governing the macroscopic motion of the constituents (the porous
solid and the fluid within the pores) of a porous medium is derived for a mathematical
model of a porous medium involving a network of densely distributed circular cylindrical
tubules of very small diameters. These equations are applied to a biological system in
which the effect of swelling (or shrinking) of the porous solid by the absorption of the
fluid was taken into consideration. The generalized Darcy’s law (18) shows explicitly
the permeability tensor as a function of the pore structure (the pore matrix function).
It is also clearly shown by (19) that the permeability tensor is symmetric as Aronofsky
suggested. The equation of the macroscopic motion of the porous solid shows the macro-
scopic material properties of the solid portion constituents as a function of the pore
structure and the material properties of constituents. For example, we note in equa-
tion (57) that the effective density is a symmetric tensor of rank two instead of a scalar.
This is rather natural because the macroscopic response of the porous solid to a body
force such as the inertia force caused by the acceleration should have a preferred direction
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because the resistance to the motion of the fluid within the anisotropically distributed
pores has different values in different directions. We also notice the secondary body force
exerted on the solid medium created by the weight of the fluid and the fluid pressure
gradient. It is interesting to notice in the final form of the governing equations that field
variables and constitutive variables are well distinguished from each other. Of course,
the form of the governing equations and constitutive equations derived in this paper
should be applied only to the specific model of the porous medium employed in this
paper. Nevertheless, we speculate that the form of the governing equation may be applied
to a more general model as long as the porous solid is a connected medium, because the
detailed pore structure enters into the picture only through the constitutive equations.
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Adbcrpakt—Mccneayetest uBuxeHMe BA3IKOH KUAKOCTH CKBO3b dAHWU3OTPOIHOE, HC-KCCTKOE (IOPHCMOL
TBepaoe teno. Paccmatpusaemoe B 3710it paboTe nopuctoe Tes1o 06CyKNAeTCA Kak TBep/1as Ccpeaa, 3akino-
4alolWas OyeHb TYCTYHO KOHEYHYIO CeTb TPYDOK, IMAMETP KOTOPBIX 3HAYUTEAPHO MCHBLLUMI 110 CPABHEHHIO ¢
XapaKTepUCTUYECKON ATMHOM cucTeMbl TedeHUs. C KMHEMATHYECKON TOYKM 3PCHUA, TAKAS CPElA JOJIKHA
BeCTH ce0s KaK KOHTHHYYM, T.e. AeGOPMUPOBAHHOE COCTOSHUE MOXHO OMNUCANb, HAICKALIMM CIIOCOBOM.
makpockonuueckd. C AMHAMMUYECKOR TOYKM 3PEHUS, TAKOW TUIl CPEbl AOMKEH OTANYATHLLS OT HACTONLIEH
TBEPAON CTNOWHOMN Cpe/ibl, TAK KAK MPH nedopPMaUMK MOPHCTOrO Teda A0KHA ObITb YUTeHA 0HA 10DaBO-
4HAs MAaccoBas cuia, noOaBiAeHHAsE K emy BeCy /MOBEPXHOCTHAA CHAA CUEIUieHus, AeHCTBYIOUARN B By
ABMXEHHWA BA3KOM XHUAKOCTH CKBO3b cpeay/. EAMHCTBEHHON MaccoBOil cunoi B HacToslel TBepaoli cr.io-
WHOM cpene sBaseTcs ee coOCTBeHHblH Bec. JlaloTcs onpeaensiiolive ypaBHEHHMS MaKPOCKONUYECKOTO
IBYKEHHSI YOTOKA BA3KOM KHUAKOCTH CKBO3P MOPHUCTYIO CPpeay TAKOTO XKe THOA, NYTEeM yCPeaHeH s JIBHKECH U
HKUAKOCTU CKBO3b OTAENbHBIE IAEMEHTHI MOPOB B MAA0oM 0bbeme nopuctoi cpenbi. ObcyxaacTces duin-
4ECK3S MHTEPNPETALIMS NOMYUENNBIX YPABHEHMHA, @ TAKKE BOIMOXHbBIE NIPUMEHEHUA K 3a144dM, KACAIOHL-
MUMCSL T€YEHUsI KDOBU B CETH KAMUIAPHBIX KPOBEHOHOCHDBIX COCY/I0B 1K 3a0a4aM IBHKCHUS BECHMa 14EUTCTBIX
HKUAKOCTEN CKBO3b CTPYKTYPY NMPOCTPAHCTBA C TPELWUHAMMU.



